The boundary effect of electrophoresis is investigated by considering the case of a spheroid in a spherical cavity, both are maintained at a constant surface potential.
Introduction
The presence of a boundary on the electrophoretic behavior of a particle is an interesting and significant problem in electrophoresis measurement. In practice, this effect should be considered when an electrophoretic object is close to a boundary or the influence of the presence of adjacent particles is important. The former appears, for instance, when electrophoresis is conducted in a narrow space such as in microelectrophoresis, and the latter occurs when the concentration of particles is high.
While a detailed understanding of the boundary effect on electrophoresis is highly desirable for both fundamental theory and practical consideration, analysis on this subject is not straightforward due to the complicated nature of the mathematical manipulations involved. In general, one has to solve the equations governing the flow, the electric, and the concentration fields simultaneously, and because these equations are coupled, nonlinear partial differential equations, solving them analytically is nontrivial, if not impossible, even for the case of an isolated entity.
Taking the boundary effect into consideration makes the problem even more complicated, and usually it needs to be solved numerically, which can be challenging, too.
The analysis on electrophoresis was pioneered by Smoluchowski, 1 where the behavior of an isolated, non-conducting particle with a constant surface potential in an infinite fluid was considered. It was shown that if the thickness of the electrical double layer surrounding a particle is much smaller than its linear size, then its electrophoretic mobility, defined as the ratio (particle velocity/applied electric field), is proportional to its zeta potential. Morrison 2 concluded that if the local radius of curvature of a particle is much larger than the thickness of the double layer surrounding it, then its electrophoresis is shape-independent. The analysis of the boundary effect on electrophoresis became vigorous in the last few decades. [3] [4] [5] [6] [7] [8] [9] The electrophoresis of a sphere normal to a plane under the conditions of thin double layer and low surface potential was discussed by Morrision and Stukel. 3 They concluded that if the sphere is large compared to Debye length, the presence of the plane has the effect of reducing the electrophoretic velocity of the sphere, and this effect becomes more significant if it is closer to the plane. Keh and Anderson 4 anlalyzed the boundary effect of electrophoresis by considering four types of geometry: a sphere moves parallel to a flat plate, normal to a plane, and along the axis of a cylindrical pore, and in a planar slit. For the case of fix charge density on particle surface, uniform potential on the boundary, and thin double layer, they showed that the presence of boundary has the effect of retarding the movement of a particle. Shugai and Carnie 5 analyzed the electrophoresis of a sphere normal to a plane, parallel to a flat plate, and along the axis of a cylindrical pore under the conditions of low electrical potential and arbitrary double layer thickness, and the effect of double layer polarization was taken into account. Both the case of constant surface potential and constant surface charge density were considered. They observed the followings: (1) for the case a particle moves normal to a plane and along the axis of a cylindrical pore, the closer the particle to the boundary, the smaller its mobility. (2) For the case a particle moves parallel to a plate, if the surface charge is fixed, then the closer the particle to the boundary the smaller its mobility. If the surface potential is fixed, then as the separation distance between particle and boundary decreases, the mobility of the particle decreases first and then increases. This is explained by that as the particle-boundary distance decreases, the surface charge on the particle needs to increase so that its surface potential can be remained at a constant. To simulate the electrophoresis in a porous medium or in a cylindrical geometry, Zydney 6 considered the problem where a sphere is placed at the center of a spherical cavity for the case of constant surface potential. Based on a linearized Poisson-Boltzmann equation, an analytical expression for the electrophoretic mobility was derived which is valid for an arbitrary double layer thickness and (particle size/pore sizes) ratio. The analysis of Zydney 6 was extended by Lee et al. 7, 8 It was shown that the deviation in the electrophoretic mobility arising from the usage of a linearized Poisson-Boltzmann equation can be significant even if the electrical potential is low. 7 The effect of 6 double layer polarization was also considered. 8 The sphere-in-spherical cavity problem was also discussed by Hsu et al. 9 for the case when a sphere can assume an arbitrary position in a spherical cavity. Under the conditions of constant surface potential, they showed that if a particle is sufficiently close to the cavity, then the presence of the latter has the effect of accelerating the movement of the former.
In this study, the problem considered by Hsu et al. 9 is further extended to the case when a spheroid is placed in a spherical cavity, not necessarily at its center. In particular, the effects of the aspect ratio of the particle and its position in the cavity on its electrophoretic behavior are discussed. In addition, the variation of the charged conditions on both particle and cavity surfaces arising from the change of the position of the particle is analyzed. Cylindrical coordinates (r,θ ,z) with its origin located at the center of the cavity are adopted. The center of the particle is at z=m.
Theory
Let us consider the problem illustrated in Figure 1 , where a spheroidal particle with axes lengths 2a and 2d is placed in a spherical cavity of radius b. Let λ =a/b.
The cylindrical coordinates (r, ,z) are adopted, and the origin is at the center of the cavity. The center of the particle is at z=m. A uniform electric field E is applied in the z-direction, and the cavity is filled with an aqueous solution containing 
Here, 2 ∇ denotes the Laplace operator, ε is the permittivity of the liquid phase, ρ and T are respectively the space charge density and the absolute temperature, 0 j n and z j are respectively the bulk number concentration and the valence of ionic species j, e is the elementary charge, and k B is the Boltzmann constant. For convenience, 10 Ψ is decomposed into the electrical potential in the absence of the applied electric field, 1 Ψ , and the electrical potential outside the particle that arises from the applied field, 2 Ψ . For the case of low electrical potential, 1 Ψ can be described approximately by
where the reciprocal Debye length is defined by
Similarly, 2 Ψ can be described approximately by
Suppose that in the absence of the applied electric field both the surface of cavity and that of particle are maintained at constant surface potential. Also, we assume that the surface of the particle is impermeable to ionic species, and the local electric field on cavity wall is parallel to the applied electric field. 6 Therefore, the boundary conditions for the electric field are a 1 ζ Ψ = on particle surface (4)
In these expressions, a ζ is the zeta potentials of particle, n is the unit normal directed into the liquid phase, and θ is the polar angle measured from the z-axis.
As pointed out by Zydney, 6 these boundary conditions significantly simplify the sequent analysis, and provide a model for the potential field that at least qualitatively captures the key aspects of the physical phenomena.
Suppose that the liquid phase is incompressible and has constant physical properties. The flow field for the case of electrophoresis can be described by the modified Navier-Stokes equations in the creeping flow regime,
In these expressions, u is the liquid velocity, η and p are respectively the viscosity of liquid and the pressure, and the term on the right-hand side of eq 8 represents the electrical body force. Suppose that both particle surface and cavity surface are non-slip. Then the boundary conditions associated with the flow field can be expressed as z i u U = on particle surface (10) 0 = u on cavity surface (11) where U is the magnitude of the particle velocity in the z-direction, and i z is the unit vector in the z-direction.
Once the flow field and the electric field are determined the electrophoretic mobility of a particle can be evaluated by a force balance. At steady state, the total force acting on a particle, which includes the hydrodynamic force and the electric force, vanishes. Because the particle is moving along the z-axis, evaluating these forces in the z-direction is sufficient. If we let z E F be the magnitude of the electric force experienced by the particle in the z-direction, then it can be evaluated by
where the surface integral is conducted over particle surface S. The magnitude of the hydrodynamic force experienced by the particle in the z-direction, Z D F , can be evaluated by
Here, t and n are respectively the unit tangential and the unit normal vectors on particle surface, n is the magnitude of n; t z and n z are respectively the z-components of t and n. The electrophoretic mobility of a particle can be determined from the
Results and Discussions
The electrophoretic behavior of a particle is examined through numerical simulation. FlexPDE, 12 a commercial partial differential equations solver, which is based a finite element scheme, is adopted to solving the governing equations and the associated boundary conditions. This software was shown to be applicable to a similar geometry. 13 In solving the problem under consideration, the velocity of a particle is assumed, and the flow field and the electric field are determined. The electric force and the viscous force acting on the particle are then calculated, and the results substituted into eq 14 to see if the assumed velocity is appropriate. These steps are repeated until a convergent solution is obtained. The criterion
0.1% is adopted for checking the convergence of the solution.
For convenience, a parameter P=100(m/m max )%, which measures the relative position of a particle to cavity surface is defined, m max being the maximum value of the z-coordinate of the center of the particle. P=0% if the particle is at the center of the cavity, P=100% if it touches the upper cavity surface, and P=-100% if it touches the lower cavity surface. The volume of a particle V is fixed, and a scaled electrophoretic mobility Figure 2 shows the variation of the scaled electrophoretic mobility of a particle ω as a function of the relative position of a particle P for various particle aspect ratio d/a at two levels of ion strength I and different λ (=a/b). The volume of a particle is fixed. It is expected that the presence of cavity wall has a negative effect on the movement of a particle, and the closer the particle to cavity wall the more significant the effect. This is observed in Figure 2 (a) for the case when P is small, that is, ω decreases with the increase in P. However, if P is large, the reverse trend is observed, that is, ω increases with the increase in P. As will be explained later, this is due to the variation in the surface properties of the particle and the cavity when P is large. Figure 2 (a) also shows that for fixed I and λ , if P is small, the magnitude of ω follows the order sphere > oblate > prolate, and the order prolate > sphere > oblate, if P is large. For each value of d/a and P, ω decreases with the decrease in I, that is, the thinner the double layer surrounding a particle, the larger its mobility, which is consistent with the behavior of an isolate particle in an infinite fluid. Figure 2 (b) reveals that if λ is small (the presence of cavity is relatively unimportant), then the magnitude of ω follows the order prolate > sphere > oblate; if λ is large, the relative magnitude of ω for each type of particle depends upon the value of P. This arises mainly from the interaction between the double layer surrounding a particle and that near cavity surface, and the hydrodynamic retardation due to the presence of the cavity. Key: same as that in Figure 2 .
The variations of the scaled surface charge density * σ as a function of the position on particle surface in Γ and that on cavity surface out Γ for the case of an oblate at various positions in the cavity are illustrated in Figure 3 . Referring to Figure 1 , in Γ is defined as the arc length measured from the north pole of a particle, f, to a point on its surface, and out Γ is the arc length measured from the north pole of a cavity, l, to a point on its surface. Figure 3 indicates that, for both P=0% (particle at the center of cavity) and P=0%, * σ is positive over particle surface, and has a maximal value at point g, where the curvature of particle surface also has the maximal value. On the other hand, over cavity surface, * σ is negative at point l,
vanishes at point q, and becomes positive at point s. If the oblate is close to the north pole of the cavity (P=99.5%), * σ of the former is positive across its surface, and decreases monotonically from point f to point h. Also, the magnitude of * σ on the surface of the oblate when it is close to the north pole of a cavity is much larger than that when it is placed at the center of the cavity. The qualitative behavior of the * σ over the surface of the cavity when the oblate is close to its north pole is similar to that when the oblate is at the center of the cavity, except that the magnitude of the absolute value of the former is much larger than that of the latter. Figure 3 reveals that an electric attractive force exists between the oblate and the cavity, which has the effect of accelerating the movement of the former toward the north pole of the latter.
This effect is pronounced as P becomes large. the corresponding values of an oblate, which implies that the attractive force between a prolate and cavity is much greater than that between an oblate and cavity. This explains the behavior of ω at a large P illustrated in Figure 2 (a). Figure 5. Variation of scaled electrophoretic mobility of a particle ω as a function of absolute value of position parameter P (%) for various particle aspect ratio d/a.
Dashed curves, particle is close to the north pole of cavity, solid curves, particle is close to the south pole of cavity. Parameters used are the same as those in Figure 2 .
The effect of the position of a particle in a cavity on its electrophoretic mobility is presented in Figure 5 where the volume of a particle is fixed. Note that if P is positive, then a particle is closer to the north pole of the cavity, and if it is negative, then a particle is closer to the south pole of the cavity. Figure 6 reveals that when a particle is closer to the south pole of the cavity, the larger the |P|, the smaller the ω , and for a fixed |P|, ω for a negative P is smaller than that for a positive P. Also, it is interesting to note that while ω is always positive if P is positive, it can be negative, i.e., a particle moves in the inverse direction as that of the applied electric field, if P is negative. As will be discussed later, these behaviors can be explained by the charged conditions on the surface of a particle and that on a cavity. Figure 6 shows the variations of the scaled surface charge density * σ as a function of the position on particle surface in Γ and that on cavity surface out Γ for the case of an oblate at different P, and those for the case of a prolate are presented in Figure 7 . As can be seen in Figure 6 , if P=-99.5%, while is close to the south pole of the cavity is much larger than that when it is at the center of the cavity. Figure 6 shows that over cavity surface, if P=-99.5%, * σ is negative at point l, passing through a positive maximum at point q, and then decreases to a negative value at point s. This implies that while the electrical interaction force between oblate and cavity is repulsive when P=0%, it becomes attractive when P=-99.5%. A comparison between Figures 6 and 7 reveals that if a particle is close to the south pole of a cavity, the * σ on a prolate is much higher than that on an oblate, which implies that the electrical particle-cavity attractive force for a prolate is much greater than that for an oblate. As indicated in Figure 7 , if a prolate is sufficiently close to the south pole of a cavity, the electrical attractive force between them can be very large. As a result, the electrophoretic mobility of the particle becomes negative, that is, it is in the reverse direction as that of the applied electric field, as shown in Figure 5 . This phenomenon is not observed for oblate, or for particle near the north pole of a cavity. Key: same as that in Figure 2 . Key: same as that in Figure 2 .
The influence of the relative magnitudes of the particle and the cavity on the electrophoretic mobility of the particle for various types of particle is illustrated in Figure 8 (a), and that of the ionic strength is shown in Figure 8 (b). The volume of a particle is fixed in these figures. Figure 8 (a) reveals that for a fixed P, ω decreases with the increase in λ , and for a fixed λ , ω decreases with the increase in P.
These are expected because both a large λ and a large P imply that the hydrodynamic retardation due the presence of cavity on the movement of a particle is significant. Figure 8 (a) also reveals that if both P and λ are small, the magnitude of ω follows the order prolate > sphere > oblate. This is because in this case, the hydrodynamic retardation on the movement of a particle is mainly determined by the magnitude of its projected area on a plane perpendicular to its movement (i.e., z-axis). Figure 9 shows this projected area as a function of particle aspect ratio d/a for the case the volume of a particle is fixed. For a given λ , since particle volume is fixed, the smaller the d/a, the larger the a, and the larger the projected area of a particle on a plane perpendicular to the z-axis is, as shown in Figure 9 , and therefore, ω of an oblate is smaller than that of a prolate. If P is small and λ is large, the wall effect becomes significant; the hydrodynamic retardation is mainly determined by the magnitude of the projected area of a particle on a plane parallel to the z-axis. As can be seen in Figure 9 , the larger the d/a, the larger the projected area, and, therefore, the ω of a prolate becomes smaller than that of an oblate. Also, as discussed in Figures 3 and 4 , if P is large, the larger the d/a, the greater the attractive force between particle and cavity, and, therefore, the larger the mobility. Figure 8(b) indicates that for a fixed P, ω increases with the increase in I, and for a fixed I, ω decreases with the increase in P. These are expected, because if I is large, the double layer surrounding a particle is thin, which implies that the viscous retardation due to the presence of cavity wall is insignificant. A small P has the similar effect as that for the case of a large I. The effects of the shape of a particle and its position in a cavity is illustrated in Figures 10(a) and 10(c) for different λ , and those for different I are presented in Figures 10(b) and 10(d) . The volume of a particle is fixed in these figures. Figures   10(a) and 10(c) indicates that if λ is small, the scaled mobility of a particle ω increases monotonically with the increase in particle aspect ratio d/a for the range of d/a examined; same behavior in ω is observed for the case when both λ and P are large. However, if λ is large and |P| is small, then ω has a local maximum as d/a varies. This can be explained by the variation of the surface area of a particle as d/a varies. Figure 9 shows that if d/a < 1 (oblate), the surface area of a particle decreases with the increase in d/a, and after passing through a local minimum at d/a=1 (sphere), it increases with a further increase in d/a for d/a > 1 (prolate). Since the viscous force acting on a particle is proportional to its surface area, Figure 9 suggests that ω increases with d/a when d/a is small. Note that because both λ and I are fixed in Figures 10(a) and 10(c) , b and the thickness of the double layer surrounding a particle are fixed too. Since the volume of a particle is constant, a large d/a implies that d is large, and the double layer surrounding the particle is close to either the north pole or the south pole of the cavity, which is disadvantageous to its movement, and its ω is small. The behavior of ω for the case |P| is large can be explained by the variation of the charge density on the surfaces of the particle and the cavity presented in Figures 3, 4, 6 and 7 . Here, the electrical attractive force between the particle and the cavity plays the key role. The qualitative behavior of ω shown in Figures 10(b) and 10(d) is similar to that presented in Figures 10(a) and 10(c). Note that if I is small, the double layer surrounding a particle is thick, which is equivalent to the case when λ is large. 
